The Wiener criterion is a sufficient and necessary condition for the solvability of the Dirichlet problem. However, its geometric interpretation is not clear. In the case that the domain satisfies an exterior spine condition, the requirement for the spine is clear in dimension 3. In this note, we intend to obtain the condition that the exterior spine should satisfy in higher dimensions.
Introduction
The Laplace equation arises widely in physics and engineering and is a classical prototype of partial differential equations. Consider the following Dirichlet problem for the Laplace equation:
where ⊂ R n is a bounded domain and g is a continuous function on ∂ .
In , Riemann [] proposed the famous Dirichlet principle, which states that there always exists a harmonic function continuous up to the boundary and coinciding with g on the boundary. However, Lebesgue [] constructed a bounded domain on which the Dirichlet problem is not always solvable in . By Perron's method [, ], there always exists a harmonic function u in with respect to g. If x  ∈ ∂ is a regular point (see [, p.] for the definition), then u is continuous up to x  . Hence, the solvability of (.) reduces to the problem whether the boundary points are regular. In , Wiener [] provided a sufficient and necessary condition for the regularity of x  . This is the famous Wiener criterion, which solves the Dirichlet problem completely.
However, the geometric interpretation of Wiener criterion is not clear, and it is not easy to verify whether a domain satisfies the Wiener criterion at some boundary point. One of the interesting cases is that the boundary of the domain near some boundary point is constructed by a spine. Precisely, suppose that for a proper coordinate system,  ∈ ∂ , and there exist  < r  <  and a continuous nondecreasing function ϕ : R → R with ϕ() =  such that
where B r denotes the open ball in R n with radius r and center , x = (x  , . . . , x n ) ∈ R n and x = (x  , . . . , x n- ). If '=' is replaced by '⊂' in (.), we call that satisfies the exterior spine condition with ϕ at . It is natural to ask what condition ϕ should satisfy to guarantee that  is a regular point. It is well known that if ϕ(r) ≥ Cr for some positive constant C, i.e., the domain satisfies the exterior cone condition, then  is a regular point (see [] and [, Problem .]). In this note, we will consider the weaker condition and always assume that ϕ(r)/r →  as r →  and ϕ(r) < r, ∀ < r < r  .
(  .  )
In the dimension n = , if satisfies (.), it is well known that  is a regular point if and only if ϕ satisfies (see Theorem . and the following example in [])
What condition ϕ should satisfy in higher dimensions is not known. Besides, the following boundary regularity results are well known. Suppose that g is identically zero on a portion of the boundary near . If ϕ(r) ≥ Cr / , which implies that satisfies the exterior sphere condition, then the solution is Lipschitz continuous at . If ϕ(r) ≥ Cr, i.e., satisfies the exterior cone condition, then the solution is Hölder continuous at . A natural question is whether the condition ϕ(r) ≥ Cr a for some constant C and a >  can guarantee the continuity (even Hölder continuity) of the solution at . The geometric meaning of this condition is that satisfies the exterior Hölder spine condition. It should be pointed out that for the dimension n = , the continuity of the solution in this case is guaranteed (see (.)). This note is devoted to deriving the sufficient and necessary condition for ϕ in a higher dimension and answer the above question. 
Remark . From (.), the special dimensions n = ,  should be noted. In addition, for n ≥  and a > , ϕ(r) ≥ Cr a is not enough to guarantee that  is a regular point, which is
an essential difference to dimensions  and .
Proof of Theorem 1.1
Now, we give the proof of Theorem ..
Proof We use ellipsoids to approximate j and hence to estimate C j . Clearly, j is contained in an ellipsoid E j with semi-axes λ j and ϕ(λ j ) (n - repeats), and j contains an ellipsoidẼ j with semi-axes λ j+ and ϕ(λ j+ )/ (n - repeats). The capacity for this kind
where β and γ are semi-axes of E with β > γ and μ =  -γ  /β  . Next, let
Then I m,k has the following reduction formula for k =  (see () in []):
We say that A B if A  A ≤ B ≤ A  A, where A  and A  are constants depending only on the dimension n. If  -μ , then
Substitute m = n - and k = n - and, by noting for k =  (see [, Section .])
we have
Therefore, substituting into (.) leads to
Let E = E j with β = λ j and γ = ϕ(λ j ), then  -μ  for sufficient large j (recall (.)) and
Similarly, let E =Ẽ j with β = λ j+ and γ = ϕ(λ j+ )/, then
Note that
Hence, (.) holds if and only if
whose integral representation is exactly (.). Therefore,  is a regular point if and only if (.) holds and hence Theorem . is completed.
Conclusion
Let be a bounded domain in R n and x  ∈ ∂ . The Wiener criterion provides a necessary and sufficient condition on to solve the Dirichlet problem of the Laplace equation (i.e., (.)). However, its geometric meaning is not clear and it is not easy to verify whether a domain satisfies the Wiener criterion at some boundary point. One interesting case is that is constructed by a spine near x  (see (.)). It is natural to ask what condition the spine should satisfy to guarantee that x  is a regular point. When the dimension n =  or , the results are well known. In this paper, we consider n >  and prove that x  is a regular point with respect to the Dirichlet problem if and only if the spine satisfies (.).
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